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Abstract
In this paper we prove that if the potential F(x, t) = ∫ t0 f (x, s) ds has a suitable oscillating behavior in
any neighborhood of the origin (respectively +∞), then under very mild conditions on the perturbation
term g, for every k ∈ N there exists bk > 0 such that{−u = f (x,u)+ λg(x,u) in Ω,
u = 0 on ∂Ω
has at least k distinct weak solutions in W1,20 (Ω), for every λ ∈ R with |λ|  bk . Moreover, information
about the location of such solutions is also given. In fact, there exists a positive real number σ > 0, which
does not depend on λ, such that the W1,20 (Ω)-norm of each of those k solutions is not greater than σ .
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
In this paper we deal with the following perturbed Dirichlet problem{−u = f (x,u)+ λg(x,u) in Ω ,
u = 0 on ∂Ω (Pλ)
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G. Anello, G. Cordaro / J. Differential Equations 234 (2007) 80–90 81where Ω is a bounded open set in RN with smooth boundary ∂Ω , f,g :Ω×R → R are supposed
to be Carathéodory functions and λ is a real number.
When the nonperturbed Dirichlet problem, that is (Pλ) with λ = 0, admits infinitely many
solutions, a question is finding conditions on f and g under which, for every k ∈ N there exists
bk > 0 such that the perturbed problem (Pλ) has at least k distinct solutions for each |λ| bk .
In literature, various papers concern the previous question. A common setting is the oddness
of the function f , we refer for example to [2–4]. Among these papers, it is worth stressing out
the result of Li and Liu in [3] since they do not make any assumptions on the perturbation term
g except its continuity.
Here we propose some new results. Our approach is based on a variational result obtained by
Ricceri in [7], which allows us to consider nonlinearities f which do not have any properties of
symmetry. As it will be shown in the next section, this fact leads us, in natural way, to obtain
nonnegative solutions when g(x,0) = 0, for a.e. x ∈ Ω . However, besides that, our conditions
on the function f are completely different from those in the above cited papers. The key role is
played by the hypothesis that f changes sign, uniformly with respect to x, in any neighborhood of
zero (respectively +∞), which in turn implies an oscillating behavior for its potential F(x, t) =∫ t
0 f (x, s) ds. In particular, an implicit consequence is that the nonperturbed problem (i.e. g ≡ 0)
turns to have infinitely many distinct solutions. This fact has been already studied in [1,5,6].
We will formulate our results, Theorems 2.1–2.3, in the most general settings. In this intro-
duction, we show some consequences of them when the functions f and g are continuous. More
precisely, in the following theorems, we assume that f,g ∈ C0(Ω ×R).
Theorem 1.1. Assume that the following conditions are satisfied:
(H1) There exist two sequences {cn} ⊂ ]0,+∞[ and {dn} ⊂ ]−∞,0[ with limn→+∞ cn =
limn→+∞ dn = 0 such that:
f (x, dn) > 0, f (x, cn) < 0 (n ∈ N, x ∈ Ω).
(H2) For x ∈ Ω uniformly,
lim inf
t→0
∫ t
0 f (x, s) ds
t2
> −∞, lim sup
t→0
∫ t
0 f (x, s) ds
t2
= +∞.
Then, for every k ∈ N and σ > 0 there exists bk,σ > 0 such that, for every λ ∈ [−bk,σ , bk,σ ],
problem (Pλ) has at least k distinct strong solutions whose norms are less than σ .
Remark 1.1. In the precedent theorem, the conditions on the nonlinear term f concern its be-
havior in a neighborhood of t = 0. We also establish a counterpart for t = +∞.
Theorem 1.2. Assume that the following conditions are satisfied:
(H3) There exist d0 < 0 and a sequence {cn}n∈N ⊂ ]0,+∞[, with limn→+∞ cn = +∞, such
that:
f (x, d0) > 0, f (x, cn) < 0 (n ∈ N, x ∈ Ω).
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lim inf
t→+∞
∫ t
0 f (x, s) ds
t2
> −∞, lim sup
t→+∞
∫ t
0 f (x, s) ds
t2
= +∞.
Then, for every k ∈ N there exist bk > 0 and σk > 0 such that, for every λ ∈ [−bk, bk], problem
(Pλ) has at least k distinct strong solutions whose norms are less than or equal to σk .
Remark 1.2. In both theorems, as in Theorem 1 of [3], there are no other assumptions on the
function g except the continuity. We also note that, by standard regularity results, each weak
solution to (Pλ), belonging to C1+α(Ω) for some α > 0, is a strong solution.
In Section 3 some typical examples of applications will be given.
2. The results
In the rest of the paper we will denote by ‖v‖ the norm of gradient of v in W 1,20 (Ω). The
Lebesgue measure of a Lebesgue-measurable set A ⊆ RN will be denoted by m(A).
The following lemma is crucial in the proof of our results.
Lemma 2.1. Let f :Ω ×R → R be a Carathéodory function such that
f (x, d) > 0, f (x, c) < 0 (a.e. x ∈ Ω)
for some d < 0 and c > 0. Define
f¯ (x, t) =
⎧⎨
⎩
f (x, t) if d  t  c,
f (x, c) if t > c,
f (x, d) if t < d .
Then, every weak solution u ∈ W 1,20 (Ω) of the Dirichlet problem{−u = f¯ (x, u) in Ω ,
u = 0 on ∂Ω
satisfies d  u(x) c, for almost every x ∈ Ω .
Proof. Consider a weak solution u ∈ W 1,20 Ω as in the conclusion. Then we define
u¯(x) =
⎧⎨
⎩
u(x) if d  u(x) c,
c if u(x) > c,
d if u(x) < d .
Clearly u¯ ∈ W 1,20 (Ω). Since ∫
∇(u(x) − u¯(x))∇u¯(x) dx = 0Ω
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Ω
∇u(x)∇(u(x) − u¯(x))dx = ∫
Ω
f¯
(
x,u(x)
)(
u(x)− u¯(x))dx,
we deduce that ∫
Ω
∣∣∇u(x) − ∇u¯(x)∣∣2 dx = ∫
Ω
f¯
(
x,u(x)
)(
u(x) − u¯(x))dx. (2.1)
It is now easy to prove that (2.1) implies that u(x) = u¯(x), for a.e. x ∈ Ω . 
The following theorem deal with the case in which the potential of the nonperturbed term
f (x, ·) has an oscillating behavior in every neighborhood of the origin.
Theorem 2.1. Let f,g :Ω ×R → R be two Carathéodory functions. Suppose that the following
conditions are satisfied:
(H5) There exists s0 > 0 such that
sup
|t |s0
∣∣f (·, t)∣∣, sup
|t |s0
∣∣g(·, t)∣∣ ∈ Lp(Ω),
for some p > 2N
N+2 , when N  2, p = 1 if N = 1.(H6) There exist three sequences {bn}, {cn} ⊂ ]0,+∞[ and {dn} ⊂ ]−∞,0[ with limn→+∞ cn =
limn→+∞ dn = 0 such that:
ess sup
x∈Ω
(
f (x, cn)+ λg(x, cn)
)
< 0, ess inf
x∈Ω
(
f (x, dn)+ λg(x, dn)
)
> 0,
for all λ ∈ [−bn, bn] and all n ∈ N.
(H7) There exist a nonempty open set D ⊆ Ω such that
lim inf
t→0
∫ t
0 f (x, s) ds
t2
> −∞, lim sup
t→0
∫ t
0 f (x, s) ds
t2
= +∞,
for a.e. x ∈ D uniformly.
Then, for every k ∈ N and σ > 0 there exists bk,σ > 0 such that, for every λ ∈ [−bk,σ , bk,σ ],
problem (Pλ) has at least k distinct weak solutions whose norms are less than σ .
Proof. Let n0 ∈ N such that cn, dn ∈ [−s0, s0] for all n  n0. Observe that, without loss of
generality, we can suppose {cn}nn0 and {dn}nn0 respectively decreasing and increasing. We
put
fn(x, t) =
⎧⎨
⎩
f (x, dn) if t < dn, x ∈ Ω ,
f (x, t) if dn  t  cn, x ∈ Ω ,
f (x, cn) if t > cn, x ∈ Ω ,
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gn(x, t) =
⎧⎨
⎩
g(x, dn) if t < dn, x ∈ Ω ,
g(x, t) if dn  t  cn, x ∈ Ω ,
g(x, cn) if t > cn, x ∈ Ω ,
for all n ∈ N. Moreover we put
Ψn(u) = 12‖u‖
2 −
∫
Ω
( u(x)∫
0
fn(x, t) dt
)
dx
and
Φn(u) = −
∫
Ω
( u(x)∫
0
gn(x, t) dt
)
dx
for all u ∈ W 1,20 (Ω) and n ∈ N. By standard results, the functionals Ψn,Φn are sequentially
weakly lower semicontinuous and continuously Gâteaux differentiable in W 1,20 (Ω), the deriva-
tive of Φn is compact, and, for every λ ∈ R, the critical point of Ψn +λΦn are the weak solutions
of the problem
{−u = fn(x,u) + λgn(x,u(x)) in Ω ,
u = 0 on ∂Ω . (Pn,λ)
Fix n ∈ N with n n0. By condition (H7), there exist M > 0, δ > 0 with δ < min{−dn, cn} such
that
ess inf
x∈D
t∫
0
f (x, s) ds −Mt2, (2.2)
for each t ∈ [−δ, δ]. Let us consider a compact set K ⊂ D, with m(K) = (M + 1)m(D \K), and
a function v ∈ W 1,p0 (Ω) such that
v(x) = 1 if x ∈ K,
0 v(x) 1 if x ∈ D \K,
v(x) = 0 if x ∈ Ω \D.
From (H7) it also follows that there exists t¯ ∈ R, with |t¯ | δ, such that
ess inf
x∈D
t¯∫
f (x, s) ds > max
{ ‖v‖2
m(D \K),1
}
t¯ 2. (2.3)0
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t¯v(x)∫
0
f (x, s) ds −M ess inf
x∈D
t¯∫
0
f (x, s) ds, (2.4)
for a.e. x ∈ D. Taking into account (2.3) and (2.4), it follows that
Ψn(t¯v) = 12 t¯
2‖v‖2 −
∫
Ω
( t¯v(x)∫
0
fn(x, s) ds
)
dx
 1
2
t¯ 2‖v‖2 − m(K) ess inf
x∈D
t¯∫
0
f (x, s) ds
−m(D \K) ess inf
x∈D
t¯v(x)∫
0
f (x, s) ds
 1
2
t¯ 2‖v‖2 − (M + 1)m(D \K) ess inf
x∈D
t¯∫
0
f (x, s) ds
+M m(D \K) ess inf
x∈D
t¯∫
0
f (x, s) ds
= 1
2
t¯ 2‖v‖2 − m(D \K) ess inf
x∈D
t¯∫
0
f (x, s) ds
<
1
2
t¯ 2‖v‖2 − t¯ 2‖v‖2 < 0.
Hence,
inf
W
1,2
0 (Ω)
Ψn < 0. (2.5)
Now, we note that every functional Ψn is coercive and consequently reaches its global mini-
mum at a point un ∈ W 1,20 (Ω). It results that
lim
n→+∞Ψn(un) = limn→+∞ infW 1,20 (Ω)
Ψn = 0. (2.6)
In fact, by Lemma 2.1, one has
dn  un(x) cn (2.7)
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−
∫
Ω
( un(x)∫
0
fn(x, t) dt
)
dx  Ψn(un) < 0,
from which (2.6) follows.
Then, taking into account of (2.5) and (2.6), we can suppose, without loss of generality, that
the sequence {inf
W
1,2
0 (Ω)
Ψn} is strictly increasing. At this point, fix k ∈ N and σ > 0. Then,
choose
ri ∈
]
inf
W
1,2
0 (Ω)
Ψi, inf
W
1,2
0 (Ω)
Ψi+1
[
, (2.8)
for all i ∈ N and apply Theorem 2.1 of [7] to the functionals Ψi,Φi . Then, there exists b˜i > 0
such that, for every λ ∈ [0, b˜i], the functional Ψi + λΦi has a local minima ui,λ which satisfies
Ψi(ui,λ) < ri < 0, (2.9)
for all i ∈ N. Of course, ui,λ is a weak solution of problem (Pi,λ). Moreover, by (2.7) and (2.9),
one has
‖ui,λ‖2  2(ci − di)
∫
Ω
sup
|t |(ci−di )
∣∣f (x, t)∣∣dx.
Hence there exists nσ ∈ N such that, for all i  nσ ,
‖ui,λ‖ σ. (2.10)
Now, observe that, by condition (H6), if we set
b∗k,σ = min{bnσ , . . . , bnσ+k−1, b˜nσ , . . . , b˜nσ+k−1}
we have
ess sup
x∈Ω
(
f (x, ci)+ λg(x, ci)
)
< 0,
and
ess inf
x∈Ω
(
f (x, di)+ λg(x, di)
)
> 0,
for all λ ∈ [0, b∗k,σ ] and i = nσ , . . . , nσ + k − 1. Then, if λ ∈ [0, b∗k,σ ], by Lemma 2.1, we get the
existence of k weak solutions unσ ,λ, . . . , unσ+k−1,λ of problem (Pλ) satisfying
di  ui,λ(x) ci (a.e. x ∈ Ω)
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for all i = nσ , . . . , nσ + k − 1.
It remains to show that the k solutions unσ ,λ, . . . , unσ+k−1,λ are pairwise distinct. To this end,
fix i, j ∈ {nσ , . . . , nσ + k − 1} with i < j . Then, by (2.8) and (2.9), we have
Ψi(uj,λ) = 12‖uj,λ‖
2 −
∫
Ω
( uj,λ(x)∫
0
fi(x, t) dt
)
dx
= 1
2
‖uj,λ‖2 −
∫
Ω
( uj,λ(x)∫
0
fj (x, t) dt
)
dx
= Ψj (uj,λ) > ri > Ψi(ui,λ)
hence uj,λ = ui,λ.
It is easily seen that, replacing function g with function −g, the arguments above lead to a real
number b∗∗k,σ > 0 such that, for all λ ∈ ]−b∗∗k,σ ,0[, problem (Pλ) admits at least k distinct weak
solutions whose norms are less than σ . So it is enough to set bk,σ = min{b∗k,σ , b∗∗k,σ } in order to
conclude. 
Now we state and prove the result which concerns the case of oscillating potential F in any
neighborhood of +∞.
Theorem 2.2. Let f,g :Ω ×R → R be two Carathéodory functions. Suppose that the following
conditions are satisfied:
(H8) There exists d0 < 0 such that, for every s  0,
sup
d0ts
∣∣f (·, t)∣∣, sup
d0ts
∣∣g(·, t)∣∣ ∈ Lp(Ω),
for some p > 2N
N+2 , when N  2, p = 1 if N = 1.(H9) There exist two sequences {bn}, {cn}n∈N ⊂ ]0,+∞[ with limn→+∞ cn = +∞, and d0 < 0
such that, for all n ∈ N and λ ∈ [−bn, bn], one has:
ess sup
x∈Ω
(
f (x, cn)+ λg(x, cn)
)
< 0,
and
ess inf
x∈Ω
(
f (x, d0)+ λg(x, d0)
)
> 0.
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lim inf
t→+∞
∫ t
0 f (x, s) ds
t2
> −∞, lim sup
t→+∞
∫ t
0 f (x, s) ds
t2
= +∞,
for a.e. x ∈ D uniformly.
Then, for every k ∈ N there exist b∗k > 0 and σk > 0 such that, for every λ ∈ [−bk, bk], problem
(Pλ) has at least k distinct weak solutions whose norms are less than or equal to σk .
Proof. The proof is similar to the one of Theorem 2.1. So we give only a sketch of it. Define
fn(x, t) =
⎧⎨
⎩
f (x, d0) if t  d0, x ∈ Ω ,
f (x, t) if d0 < t  cn, x ∈ Ω ,
f (x, cn) if t > cn, x ∈ Ω ,
as well as
gn(x, t) =
⎧⎨
⎩
g(x, dn) if t  d0, x ∈ Ω ,
g(x, t) if d0 < t  cn, x ∈ Ω ,
g(x, cn) if t > cn, x ∈ Ω ,
for all n ∈ N. Moreover define
Ψn(u) = 12‖u‖
2 −
∫
Ω
( u(x)∫
0
fn(x, t) dt
)
dx
and
Φn(u) = −
∫
Ω
( u(x)∫
0
gn(x, t) dt
)
dx
for all u ∈ W 1,20 (Ω) and n ∈ N. Thanks to condition (H10), we deduce
lim
n→+∞ infW 1,20 (Ω)
Ψn = −∞.
So, without loss of generality, we can suppose {cn} strictly increasing and {infW 1,20 (Ω) Ψn} strictly
decreasing. Fix k ∈ N and put
σk = max
1ik
{
2(ci − d0)
∫
sup
d0tci
∣∣f (x, t)∣∣dx}.
Ω
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ri ∈
]
inf
W
1,2
0 (Ω)
Ψi, inf
W
1,2
0 (Ω)
Ψi−1
[
.
Arguing as in Theorem 2.1, we find b∗k > 0 such that for every λ ∈ [−b∗k , b∗k ] there exist k weak
solutions u1,λ, . . . , uk,λ of the problem (Pλ) satisfying d0  ui,λ(x) ci , for a.e. x ∈ Ω , and
Ψj (ui,λ) > rj > Ψj (uj,λ), (2.12)
for every i, j = 1, . . . , k with j > i. Hence,
‖ui,λ‖2 < 2(ci − d0)
∫
Ω
sup
d0tci
∣∣f (x, t)∣∣dx  σk,
for all i = 1, . . . , k and λ ∈ [−b∗k , b∗k ]. 
Both theorems admits a version for nonnegative weak solutions when g(·,0) ≡ 0 in Ω . As
nonnegative weak solutions to (Pλ) we intend a weak solution which is almost everywhere non-
negative in Ω .
Because it is easy to figure out what changes are needed, we limit ourselves to state only the
nonnegative version of Theorem 2.1.
Theorem 2.3. Let f,g :Ω ×R → R be two Carathéodory functions with g(·,0) ≡ 0 in Ω . Sup-
pose that the following conditions are satisfied:
(H5′) There exists s0 > 0 such that
sup
0ts0
∣∣f (·, t)∣∣, sup
0ts0
∣∣g(·, t)∣∣ ∈ Lp(Ω),
for some p > 2N
N+2 , when N  2, p = 1 if N = 1.(H6′) There exist two sequences {bn}, {cn}n∈N ⊂ ]0,+∞[ with limn→+∞ cn = 0 such that:
ess sup
x∈Ω
(
f (x, cn)+ λg(x, dn)
)
< 0,
for all λ ∈ [−bn, bn] and n ∈ N.
(H7′) There exist a nonempty open set D ⊆ Ω and δ > 0 such that
lim inf
t→0+
∫ t
0 f (x, s) ds
t2
> −∞, lim sup
t→0+
∫ t
0 f (x, s) ds
t2
= +∞.
Then, for every k ∈ N and σ > 0 there exists bk,σ > 0 such that, for every λ ∈ [−bk,σ , bk,σ ],
problem (Pλ) has at least k distinct weak nonnegative solutions whose norms are less than σ .
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In this section we show some examples of nonlinearities f which satisfy (H1)–(H2) or
(H3)–(H4). The perturbed term g is supposed to be continuous on Ω ×R.
Let us suppose that 1 < p < 2 and 0 < q < p−1 and consider the following Dirichlet problem{−u = u|u|p−2[p − p sin(|u|−q)+ q|u|−q cos(|u|−q)] + λg(x,u) in Ω ,
u = 0 on ∂Ω .
The potential of the nonperturbed term is
F(t) = |t |p[1 − sin(|t |−q)].
Hence it is easily seen that all assumptions (H1)–(H2) are satisfied and the conclusion of Theo-
rem 1.1 holds.
Now suppose that p > 2 and consider the following problem{−u = u|u|p−2(p − p sinu− u cosu)+ λg(x,u) in Ω ,
u = 0 on ∂Ω .
In this case we can apply Theorem 1.2 since the potential of the nonperturbed term is
F(t) = |t |p(1 − sin t).
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